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Time scales

At the core of liquidity: the limit order book

Figure: A limit buy order: Buy 2 at 69200.
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Time scales

A market order

Figure: A market sell order of 10.
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Time scales

A cancellation

Figure: Cancellation of 3 sell orders at 69900.
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Time scales

Stochastic models of order book dynamics

Stochastic models for order book dynamics enable to

Incorporate the information in

1 the current state of the order book
2 statistics on the order flow (arrival rates of market, limit orders and

cancellation)

in view of

1 optimal order execution
2 intraday modeling and prediction of price changes and volatility

under statistically realistic assumptions on the order flow.
These applications requires analytical tractability and computability.
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Time scales

Limit order books as queueing systems

A limit order book may be viewed as a system of queues subject to order
book events modeled as a multidimensional point process. A variety of
stochastic models for dynamics of order book events and/or trade
durations at high frequency:

Independent Poisson processes for each order type (Cont Stoikov
Talreja 2010)

Self exciting and mutually exciting Hawkes processes (Andersen,
Cont & Vinkovskaya 2010, Bacry et al 2010)

Autoregressive Conditional Duration (ACD) model (Engle & Russell
1997, Engle & Lunde 2003, ..)

Aim: reproducing empirical properties (Smith et al, 2003, Bouchaud et al
08) for prediction, trade execution, intraday risk management.
Any of these models implies some dynamics for the (bid/ask) price, but
which is difficult to describe explicitly.
In general: price is not Markovian, increments neither independent nor
stationary and depend on the state of the order book.
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Time scales

Regime Time scale Issues
Ultra-high frequency (UHF) ∼ 10−3 − 1 s Microstructure,

Latency
High Frequency (HF) ∼ 10− 102 s Optimal execution
“Daily” ∼ 103 − 104 s Trading strategies,

Option hedging

Table: A hierarchy of time scales.

Idea: start from a description of the limit order book at the finest scale
and use asymptotics/ limit theorems to derive quantities at larger time
scales.
Analogous to hydrodynamic limits used in the study of interacting
particle systems.
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Reduced form representation of the LOB
Bid ask spread

A reduced-form model for the limit order book

If one is primarily interested in price dynamics, the ’action’ takes
place at the best bid/ask levels

In fact empirical data show that the bulk of orders flow to the
queues at the best bid/ask (e.g. Biais, Hillion & Spatt 1995)

Ask price: best selling price: sa = (sat , t ≥ 0)

Bid price: best buying price sb = (sbt , t ≥ 0).

Reduced modeling framework: state variables= number of orders at
the ask:

(qa
t , t ≥ 0).

and number of orders at the bid:

(qb
t , t ≥ 0)

State variable: (sbt , q
b
t , s

a
t , q

a
t )t≥0
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Reduced form representation of the LOB
Bid ask spread
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Figure: Reduced-form representation of a limit order book
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Reduced form representation of the LOB
Bid ask spread

Limit order book as reservoir of liquidity

Once the bid (resp. the ask) queue is depleted, the price moves to the
queue at the next level, which we assume to be one tick below (resp.
above).
The new queue size then corresponds to what was previously the number
of orders sitting at the price immediately below (resp. above) the best
bid (resp. ask).
Instead of keeping track of these queues (and the corresponding order
flow) at all price levels we treat the new queue sizes as independent
variables drawn from a certain distribution f where f (x , y) represents the
probability of observing (qb

t , q
a
t ) = (x , y) right after a price increase.

Similarly, after a price decrease (qb
t , q

a
t ) is drawn from a distribution

f̃ (6= f ) in general.

if qa
t− = 0 then (qb

t , q
a
t ) is a random variable with distribution f ,

independent from Ft−.

if qb
t− = 0 then (qb

t , q
a
t ) is a random variable with distribution f̃ ,

independent from Ft−.
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Reduced form representation of the LOB
Bid ask spread

Distribution of queue sizes after a price move

Figure: Joint density of bid and ask queues after a price move.
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Reduced form representation of the LOB
Bid ask spread

Distribution of queue sizes after a price move

Figure: Joint density of bid and ask queues after a price move: log-scale
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Reduced form representation of the LOB
Bid ask spread

Distribution of queue sizes after a price move

We can parameterize this distribution F through

a radial component R =
√
|Qb|2 + |Qa|2, which measures the depth

of the order book, and

an angular component Θ = arctan(Qa/Qb) ∈ [0, π/2] which
measures the imbalance between outstanding buy and sell orders.

A flexible model which allows for analytical tractability is to assume

F (x , y) = H(
√

x2 + y 2)G
(

arctan(
y

x
)
)

(1)

where H is a probability distributions on R+ and G a probability
distributions on [0, π/2].
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Reduced form representation of the LOB
Bid ask spread

Figure: Radial component H(.) of the empirical distribution function of order
book depth: CitiGroup, June 26th, 2008. Green: exponential fit.
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Reduced form representation of the LOB
Bid ask spread

Bid-ask spread 1 tick 2 tick ≥ 3 tick
Citigroup 98.82 1.18 0
General Electric 98.80 1.18 0.02
General Motors 98.71 1.15 0.14

Table: % of observations with a given bid-ask spread (June 26th, 2008).

Figure: Distribution of lifetime (in ms) of a spread larger than one tick (left),
equal to one tick (right).
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Reduced form representation of the LOB
Bid ask spread

GIven these observations, we assume for simplicity that the spread is
constant, equal to one tick:

∀t ≥ 0, sat = sbt + δ.

This assumption of constant spread is justified at a time scale beyond 10
milliseconds, since for many liquid stocks, the lifetime of a spread > 1 tick
is ∼ a few milliseconds, while the lifetime of a 1-tick spread is ∼ seconds.
This assumptions allows to deduce price dynamics from the dynamics of
the order book:

Price decreases by δ when bid queue is depleted:
qb
t− = 0⇒ st = st− − δ

Price increases by δ when ask queue is depleted:
qa
t− = 0⇒ st = st− + δ
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Reduced form representation of the LOB
Bid ask spread

Summary: dynamics of bid / ask queues and price

The process Xt = (sbt , q
b
t , q

a
t ) is thus a continuous-time process with

piecewise constant sample paths whose transitions correspond to the
order book events at the ask {tai , i ≥ 1} or the bid {tbi , i ≥ 1} with
(random) sizes (V a

i )i≥1 and (V b
i )i≥1.

Order or cancelation arrives on the ask side t ∈ {tai , i ≥ 1}:
If qa

t− + V a
i > 0: qa

t = qa
t− + V a

i , no price move.
If qa

t− + V a
i ≤ 0: price increases St = St− + δ, queues are

regenerated (qb
t , q

a
t ) = (Rb

i ,R
a
i ) where (Ra

i ,R
b
i )i≥1 are IID variables

with (joint) distribution f

Order or cancelation arrives on the bid side t ∈ {tbi , i ≥ 1}:
If qb

t− + V b
i > 0: qa

t = qa
t− + V a

i , no price move.
If qa

t− + V a
i ≤ 0: price decreases St = St− − δ, queues are

regenerated (qb
t , q

a
t ) = (R̃b

i , R̃
a
i ) where (R̃i )i≥1 = (R̃a

i , R̃
b
i )i≥1 is a

sequence of IID variables with (joint) distribution f̃
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Diffusion limit of the price

Example: a Markovian limit order book

Cont & de Larrard (2010) Price dynamics in a Markovian limit order
market.

Market buy (resp. sell) orders arrive at independent, exponential
times with rate µ,

Limit buy (resp. sell) orders arrive at independent, exponential times
with rate λ,

Cancellations orders arrive at independent, exponential times with
rate θ.

The above events are mutually independent.

All orders sizes are constant.

→ Poisson point process ⇒ explicit computations possible
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Diffusion limit of the price

Between price changes, (qa
t , q

b
t ) are independent birth and death

process with birth rate λ and death rate µ+ θ.

Let σa (resp. σb be the first time the size of the ask (resp bid)
queue reaches zero. Duration until next price move: τ = σa ∧ σb

These are hitting times of a birth and death process so conditional
Laplace transform of σa solves:

L(s, x) = E[e−sσ
a

|qa
0 = x ] =

λL(s, x + 1) + (µ+ θ)L(s, x − 1)

λ+ µ+ θ + s
,

We obtain the following expression for the (conditional) Laplace
transform of σa:

L(s, x) = (
(λ+ µ+ θ + s)−

√
((λ+ µ+ θ + s))2 − 4λ(µ+ θ)

2λ
)x .
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Diffusion limit of the price

Duration until the next price change

The duration τ until the next price change is given by:

τ = σa ∧ σb.

The distribution of τ conditional on the current queue sizes is

P[τ > t|qa
0 = x , qb

0 = y ] = P[σa > t|qa
0 = x ]P[σb > t|qb

0 = y ].

Inverting the Laplace transforms of σa, σb we obtain

P[τ > t|qa
0 = x , qb

0 = y ] =

∫ ∞
t

L̂(u, x)du

∫ ∞
t

L̂(u, y)du,

where

L̂(t, x) =

√
(
µ+ θ

λ
)x

x

t
Ix(2

√
λ(θ + µ)t)e−t(λ+θ+µ).
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Diffusion limit of the price

Duration until next price move

Littlewood & Karamata’s Tauberian theorems links the tail behavior
of τ to the behavior of the conditional Laplace transforms of σa and
σb at zero.

When λ < θ + µ

P[σa > t|qa
0 = x ] ∼t→∞

x(λ+ µ+ θ)

2λ(µ+ θ − λ)

1

t

P[τ > t|qa
0 = x , qb

0 = y ] ∼t→∞
xy(λ+ µ+ θ)2

λ2(µ+ θ − λ)2

1

4t2
.

Tail index of order 2

When λ = θ + µ

P[σa > t|qa
0 = x ] ∼t→∞

x√
πλ

1√
t

P[τ > t|qa
0 = x , qb

0 = y ] ∼t→∞
x√
πλ

1√
t

Tail index of order 1: the mean between two consecutive moves of
the price is infinite.
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Diffusion limit of the price

Forecasting price moves from the Level-I order book

Intuitively, bid-ask imbalance gives an indication of the direction of short
term price moves. This intuition can be quantified in this model:

Proposition

When λ = θ + µ, the probability φ(n, p) that the next price move is an
increase, conditioned on having the n orders on the bid side and p orders
on the ask side is:

φ(n, p) =
1

π

∫ π

0

(2− cos(t)−
√

(2− cos(t))2 − 1)p
sin(nt) cos(t/2)

sin(t/2)
dt.

Interestingly: this quantity does not depend on the arrival rates λ, θ, µ as
long as λ = θ + µ!
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Diffusion limit of the price

Figure: Conditional probability of a price increase, as a function of the bid and
ask queue size (solid curve) compared with transition frequencies for CitiGroup
tick-by-tick data on June 26, 2008 (points).
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Diffusion limit of the price

Diffusion limit of the price

At a tick time scale the price is a piecewise constant, discrete process.
But over larger time scales, prices have “diffusive” dynamics and modeled
as such.
Consider a time scale over which the average number of order book
events is of order n, i.e.

T1 + ...+ Tn

tn
= O(1)

We will then show that

(snt :=
stn√

n
, t ≥ 0)n≥1

behaves as a diffusion as for n large and compute its volatility in terms of
order flow statistics i.e. a functional central limit theorem for (snt )n≥1.
Diffusion limits of queues have been widely studied (Harrison, Reiman,
Williams, Iglehart & Whitt,..) but the price process has no analogue in
queueing theory.
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Diffusion limit of the price: balanced order flow

Balanced order book (C & De Larrard (2010)

If λ = θ + µ then

(
s(n log n t)√

n
)t≥0

D⇒

√
πλδ2

D(f )
B

where B is a Brownian motion,
√

D(F ) =
√∫

R2
+

xy dF (x , y), the

geometric mean of the bid queue and ask queue sizes, is a measure of
order book depth after a price change.

When observed at time scale τ2 � τ0 representing n log(n) orders, the
price behaves as a diffusion with variance

σ2 = δ2 τ2

τ0

πλ

D(f )
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Diffusion limit of the price

Linking order flow and volatility

σ2 = δ2 πλ

D(f )

expresses the variance of the price increments in terms of order flow
statistics: quantities whose estimation does NOT require to observe
the price!
a means ’microstructure’ affects the volatility only through

the arrival rate of orders λ
D(f ) average market depth / queue size after a price change

Example : General Electric (GE), June 26 2008.
(Realized) volatility of 10-minute price changes (in annualized vol units):
σ = 21.78% with 95% confidence interval: [19.3 ; 23.2] $
Our ‘microstructure’ volatility estimator: σ̂ = δ2πλn/D(f ) = 22.51% $
Not bad for such a simple model!
This is a first step towards incorporating information on order flow into
estimators of intraday volatility.
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Diffusion limit of the price

Figure:
√
λ/D(f ), estimated from tick-by-tick order flow (vertical axis) vs

realized volatility over 10-minute intervals for stocks in the Dow Jones Index,
June 26, 2008. Each point represents one stock.
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Diffusion limit of the price

Scaling of volatility with order frequency

σ2 = δ2 πλ

D(f )

If we increase the intensity of order by a factor x ,

The intensity of limit orders becomes λx

The intensity of market orders and cancelations becomes (µ+ θ)x

The limit order book depth becomes x2D(f ).

our model predicts that volatility is decreased by a factor
√

1
x .

Rosu (2010) shows the same dependence in 1/
√

x of price volatility using
an equilibrium approach.
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Diffusion limit of the price

Diffusion limit of the price

Theorem

When λ < θ + µ (market orders/ cancelations dominate limit orders),

(
s(nt)√

n
)t≥0

D⇒ δ

√
1

m(f , θ + µ, λ)
B

where B is a Brownian motion and m(f , θ + µ, λ) = E[τf ] is the average
time between two consecutive prices moves.

Remark

If τ0 is the (UHF) time scale of incoming orders and τ2 >> τ0 the
variance of the price increments at time scale τ2 is

σ2 =
τ2

τ0

δ2

m(f , λ+ µ, θ)
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Diffusion limit of the price

Theorem

When λ < θ + µ (market orders/ cancelations dominate limit orders),

(
s(nt)√

n
)t≥0

D⇒ δ

√
1

m(f , θ + µ, λ)
B

where B is a Brownian motion and m(f , θ + µ, λ) = E[τf ] is the average
time between two consecutive prices moves.

Remark

If τ0 is the (UHF) time scale of incoming orders and τ2 >> τ0 the
variance of the price increments at time scale τ2 is

σ2 =
τ2

τ0

δ2

m(f , λ+ µ, θ)
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Diffusion limit of the price

Durations are not exponentially distributed..

Figure: Quantile-Plot for inter-event durations, referenced against an
exponential distribution. Citigroup June 2008.
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Diffusion limit of the price

Order sizes are heterogeneous

Figure: Number of shares per event for events affecting the ask. Citigroup
stock, June 26, 2008.
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Diffusion limit of the price

Beyond Markovian models

This Markovian model is analytically tractable because:

All orders have the same size (→ queue)

The time between two orders is exponential

The orders arrive at independent times

The dynamics of the bid is independent from the ask

Are the results of this Markovian model robust to these assumptions?

Answer: in a liquid market, YES, but at a lower frequency!
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Diffusion limit of the price

Beyond Markovian models
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Diffusion limit of the price

Beyond Markovian models

This Markovian model is analytically tractable because:

All orders have the same size (→ queue)

The time between two orders is exponential

The orders arrive at independent times

The dynamics of the bid is independent from the ask

Are the results of this Markovian model robust to these assumptions?

Answer: in a liquid market, YES, but at a lower frequency!
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A general framework for order book dynamics

The dynamics of the order book may be described in terms of

T a
i : durations between order book events at the ask

V a
i size of the ith event at the ask. If the ith event is a market order

or a cancelation, V a
i < 0; if it is a limit order V a

i ≥ 0.

T b
i the time between the i − 1th and the ith order coming on the

bid side

V b
i the size of the ith event at the bid

We do not assume these random variables to be independent!

For general sequences (T a
i ,V

a
i )i≥0 and (T b

i ,V
b
i )i≥0, the order book

q = (qa, qb) is not a Markov process.

It is not possible, for general sequences (T a
i ,V

a
i )i≥0 and

(T b
i ,V

b
i )i≥0, to compute the probability transitions of the price and

the distribution of the moving times of the price
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Construction of queue sizes from net order flow

Key idea: (qa
t , q

b
t ) may be constructed from the net order flow process

Xt = (xb
t , x

a
t ) =

 Nb
t∑

i=1

V b
i ,

Na
t∑

i=1

V a
i


where Nb

t (resp. Na
t ) is the number of events (i.e. orders or cancelations)

occurring at the bid (resp. the ask) during [0, t].

(qa
t , q

b
t , t ∈ [0,T ]) = Ψ(Xt , t ∈ [0,T ], (Rn)n≥1, (R̃)n≥1)

where Ψ(ω,R, R̃) is obtained from ω by ”discontinuous reflection at the
boundary of the orthant”: in between two exit times, the increments of
Ψ(ω,R, R̃) follow those of ω and each time the process attempts to exit
the positive orthant by crossing the x-axis (resp. the y -axis), it jumps to
a a new position inside the orthant, taken from the sequence (Rn)n≥1

(resp. from the sequence (R̃n)n≥1).
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Construction of queue sizes from net order flow

We endow D([0,∞),R2) with Skorokhod’s J1 topology and (R2
+)

N
with

the topology induced by

Rn n→∞→ R ∈ (R2
+)

N
⇐⇒

(
∀k ≥ 1, sup{|Rn

1 − R1|, ..., |Rn
k − Rk |)

n→∞→ 0
)
.

Theorem

Let R = (Rn)n≥1, R̃ = (R̃n)n≥1 be sequences in ]0,∞[×]0,∞[ which do
not have any accumulation point on the axes. If ω ∈ C 0([0,∞),R2) is
such that

(0, 0) /∈ Ψ(ω,R, R̃)([0,∞) ). (2)

Then the map

Ψ : D([0,∞),R2)× (R2
+)

N
× (R2

+)
N
→ D([0,∞),R2

+) (3)

is continuous at (ω,R, R̃).
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The relevance of asymptotics

Average no. of Price changes
orders in 10s in 1 day

Citigroup 4469 12499
General Electric 2356 7862
General Motors 1275 9016

Table: Average number of orders in 10 seconds and number of price changes
(June 26th, 2008).

These observations point to the relevance of asymptotics when analyzing
the dynamics of prices in a limit order market where orders arrivals occur
frequently.
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Figure: Intraday dynamics of bid and ask queues: Citigroup, June 26, 2008.
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From micro- to meso-structure: heavy traffic
approximation

Let τ0 be the time scale of order arrivals (the millisecond)

At the time scale τ1 >> τ0, the impact of one order is ’very small’
compared to the total number of orders qa and qb.

It is reasonable to approximate q = (qa, qb) by a process whose
state space is continuous (R2

+)

More precisely we will show that the rescaled order book

Qn(t) = (
qa(tn)√

n
,

qb(tn)√
n

)t≥0

converges in distribution to a limit Heavy traffic approximation of
q = (qa, qb) = limit (in distribution) Q = (Qa,Qb) of Qn.
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Assumptions on the order arrivals

(T a
i , i ≥ 1) and (T b

i , i ≥ 1) are stationary sequences with

T a
1 + T a

2 + ...+ T a
n

n
n→∞→ 1

λa
T b

1 + T b
2 + ...+ T b

n

n
n→∞→ 1

λb

Examples verifying these assumptions:

Independent Poisson processes for each order type (Cont Stoikov
Talreja 2010)
Self exciting and mutually exciting Hawkes processes (Andersen,
Cont & Vinkovskaya 2010)
Autoregressive Conditional Duration (ACD) model (Engle & Russell
1997)
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Assumptions on order sizes

(V n,a
i ,V n,b

i )i≥1 is a stationary, uniformly mixing array of random
variables satisfying

√
nE[V a,n

1 ]
n→∞→ V a,

√
nE[V b,n

1 ]
n→∞→ V b, (4)

lim
n→∞

E[(V n,a
i − V a)2] + 2

∞∑
i=2

cov(V n,a
1 ,V n,a

i ) = v 2
a <∞, and

lim
n→∞

E[(V n,b
i − V b)2] + 2

∞∑
i=2

cov(V n,b
1 ,V n,b

i ) = v 2
b <∞.

Under this assumption one can define

ρ := lim
n→∞

2 max(λa, λb)cov(V n,a
1 ,V n,b

1 ) + 2
∑

i λ
acov(V n,a

1 ,V n,b
i ) + λbcov(V n,b

1 ,V n,a
i )

vavb

ρ ∈ (−1, 1) may be interpreted as a measure of ‘correlation’ between
event sizes at the bid and event sizes at the ask.
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Theorem: Order book dynamics in a high-frequency order flow

Qn = (
qa(tn)√

n
,

qb(tn)√
n

)t≥0
D⇒Q on (D, J1),

where Q is a Markov process on R2
+ with infinitesimal generator

Gh(x , y) =
δ2

2
v 2λ

(
∂2h

∂x2
+
∂2h

∂y 2
+ 2ρ

∂2h

∂x∂y

)
, for x > 0, y > 0,

whose domain D is the set of functions h ∈ C2(R+)2 verifying the
’Wentzell boundary conditions’: ∀x > 0, y > 0,

h(x , 0) =

∫
(0,∞)2

h(u, v)F (du, dv) h(0, y) =

∫
(0,∞)2

h(u, v)F̃ (du, dv) = 0
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Heavy traffic limit : technique of proof

Key idea: study the net order flow process

Xt = (xb
t , x

a
t ) =

 Nb
t∑

i=1

V b
i ,

Na
t∑

i=1

V a
i


where Nb

t (resp. Na
t ) is the number of events (i.e. orders or cancelations)

occurring at the bid (resp. the ask) during [0, t].
Step 1: functional Central limit theorem for x : x ⇒ X
Step 2: buildQ from X by a pathwise construction Q = Ψ(X ) where
Ψ : D([0,∞),R2) 7→ D([0,∞),R2

+)
Step 3: show continuity of Ψ for Skorokhod topology (D, J1) at
continuous paths which avoid (0,0).
Step 4: apply continuous mapping theorem Qn = Ψ(x)⇒ Q = Ψ(X )
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Heavy traffic limit of order book: description

The limit is a Markov process Q which

behaves like planar Brownian motion with covariance matrix(
λav 2

a ρ
√
λaλbvavb

ρ
√
λaλbvavb λbv 2

b

)
(5)

on the orthant {x > 0} ∩ {y > 0}
jumps to a value with the distribution F each time it hits the x axis

jumps to a value with distribution F̃ each time it hits the y axis
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Heavy traffic limit: description

Let τ0 the time scale of incoming orders and τ1 >> τ0. Under the
previous assumptions we can approximate the dynamics of the order book
q = (qa, qb) by the process Q with covariance matrix

Σ =

(
λav 2

a ρ
√
λaλbvavb

ρ
√
λaλbvavb λbv 2

b

)
(6)

E[T a
1 ] = 1/λa E[T b

1 ] = 1/λb: average duration between events

v 2
a = E[(V a

1 )2] + 2
∑∞

i=2 Cov(V a
1 ,V

a
i ): variance of order sizes at ask

ρ “correlation” between the order sizes at the bid and at the ask.

If order sizes at bid and ask are symmetric and uncorrelated then ρ = 0.
Empirically we find that ρ < 0 for all data sets examined.
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Figure: Evolution in time of the bid and ask queues: the queue sizes follow a
diffusion-type dynamics in between two price changes and jumps at each price
change.
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Price dynamics in the heavy traffic limit

Proposition (Cont & De Larrard 2011)

Under the same assumptions

(snt , t ≥ 0)
n→∞⇒ S ,

where
St =

∑
0≤s≤t

1Qa(t−)=0 −
∑

0≤s≤t

1Qb(t−)=0 (7)

is a piecewise constant cadlag process which

increases by one tick every time the process (Q(t−), t ≥ 0) hits the
horizontal axis {y = 0} and

decreases by one tick every time (Q(t−), t ≥ 0) hits the vertical axis
{x = 0}.

This characterization allows to compute in detail various probabilistic
properties of price dynamics and relate them to order flow parameters.
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Duration between price changes (R C & Larrard, 2010

If V a = V b = 0, P[τ > t|Qa
0 = x ,Qb

0 = y ] =

√
2U

πt
e
−

U

4t
∞∑
n=0

1

(2n + 1)
sin

(2n + 1)πθ0

α
(I(νn−1)/2(

U

4t
) + I(νn+1)/2(

U

4t
)),

where νn = (2n + 1)π/α, In is the nth Bessel function,

U =
( x
λav2

a
)2 + ( y

λbv2
b

)2 − 2ρ xy
λaλbv2

a v
2
b

(1− ρ)
,

α =


π + tan−1(−

√
1− ρ2

ρ
) ρ > 0

tan−1(−
√

1− ρ2

ρ
) ρ < 0

θ0 =


π + tan−1(−y

√
1− ρ2

x − ρy
) x < ρy

tan−1(−y
√

1− ρ2

x − ρy
) x > ρy

(8)
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Duration between price changes

Spitzer (1958) computed the tail index of τ as a function of the
correlation coefficient ρ

The tail index of τ given x orders at the ask and y orders at the bid

is
π

π + 2 arcsin(ρ)
If ρ = 0, the tail index is 1. The tail index was the same for the
Markovian order book when λ = θ + µ
If ρ > 0, the tail index is strictly less than one
If ρ < 0, the tail index is higher than one: The duration between
consecutive price moves has a finite first moment
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Probability of the price moving up

Proposition

(R C & Larrard, 2010): The probability pup(x , y) that the next price
move is an increase, given a queue of x shares on the bid side and y
shares on the ask side is

pup(x , y) =
1

2
−

arctan(
√

1+ρ
1−ρ

y√
λava
− x√

λbvb
y√
λava

+ x√
λbvb

)

2 arctan(
√

1+ρ
1−ρ )

, (9)

Avellaneda, Stoikov & Reed (2010) computed this for the case ρ = −1.
When ρ = 0 (independent flows at bid and ask)
pup(x , y) = 2 arctan(y/x)/π.
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Probability of upward price move conditional on queue sizes
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Many econometric models of intraday price dynamics assume the
existence of a latent ’true’ or ’efficient’ price process -assumed to be a
martingale- and such that the bid/ask prices are rounded/discretized
version of this process.
In our model we can in fact exhibit this process: given the bid/ask queue
dynamics, it not latent but a function of (Qb

t ,Q
a
t ):

Proposition (Martingale price)

If p+ = p− = 1/2, then

Pt = Sb
t + δ(2pup(Qb

t ,Q
a
t )− 1)

is a continuous martingale.

If ρ = −1 this becomes an average of bid/ask prices weighted by queue
size, an indicators used by many traders (Burghardt et al):

Pt =
Qa

t

Qa
t + Qb

t

Sb
t +

Qb
t

Qa
t + Qb

t

Sa
t .
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Diffusion limit of the price

At a tick time scale the price is a piecewise constant, discrete process.
But over larger time scales, prices are observed to have “diffusive”
dynamics and modeled as such.
Consider a time scale tn over which n orders (limit, market, cancel) arrive.
Does the rescaled price process

snt =
stn√

n

behave like a diffusion?
What is this diffusion limit?
How is the “low frequency” volatility of the price related to order flow
statistics?
Approach: derive a functional Law of Large Numbers (“fluid limit”) and
a functional Central Limit theorem for the price process (snt , t ≥ 0) as
n→∞
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Link between intraday price trend and order flow

Probability of two successive price increases p+ =
∫
R2

+
pup(x , y)F (dx dy)

Probability of successive price decreases
p− =

∫
R2

+
(1− pup(x , y)) F̃ (dx dy)

Empirically p+ < 1/2, p− < 1/2, due to asymmetry of F , F̃ which
induces mean reversion in the price.

Theorem (Fluid limit)
S(nt)
n → µ t, where µ is an intraday trend/drift given by

µ =

p+

1−p+
− p−

1−p−
p+

1−p+
τF + p−

1−p− τF̃

where τF = E [
∫
R2

+
τ(x , y)F (dx dy)] is the average duration between price

changes after a price increase, τF̃ = E [
∫
R2

+
τ(x , y)F̃ (dx dy)] is the

average duration between price changes after a price decrease.

No trend detectable at time scale T if p+ = p− or (p+ − p−)T � 1.Rama Cont & Adrien de Larrard Price Dynamics in Limit Order Markets
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Diffusion limit of the price

Theorem (R.C, & de Larrard, 2010)

When ρ = 0,

(
s(n log n t)√

n
)t≥0

D⇒σB

where

σ2 =
πδ2v 2λ

D(F )
D(F ) =

∫
R2

+

xydF (x , y).

When ρ < 0,

(
s(n t)√

n
)t≥0

D⇒σB

where

σ2 =
δ2

m(f , σQ , ρ)
, m(f , σQ , ρ) = E[τf ]

is the expected hitting time of the axes by Bf .
Rama Cont & Adrien de Larrard Price Dynamics in Limit Order Markets



Structure and dynamics of limit order books
A reduced-form model for the limit order book

A Markovian limit order book model
A general framework for order book dynamics

Heavy traffic approximation

Order book dynamics in liquid markets
Distribution of durations
Diffusion limit of the price
Computing intraday price trends
Linking volatility and order flow

Link between volatility and order flow: symmetric case

The variance of price increments at time scale τ2 � τ1 is thus given by

σ2 =
p

1− p

τ2

τ1

πδ2v 2λ

D(f )
D(f ) =

∫
R2

+

xydF (x , y).

So: intraday volatility emerges as a tradeoff between

average rate of fluctuation of the order book : λv 2

a measure of order book depth : (multiplicative) average of bid and
ask queue size D(f ) =

∫
R2

+
xydF (x , y)

a measure of order book asymmetry : p= probability of two
consecutive price changes → mean reversion

Same expression as when orders are generated by Poisson processes!
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Link between volatility and order flow: empirical test

Figure: Empirical std deviation of 10 min returns vs theoretical prediction of
volatility based on diffusion limit of queueing model for SP500 stocks.
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Flash Crash

When sell orders exceed buy orders by an order of magnitude, the price
acquires a negative trend and drops linearly and this the deterministic
trend of the price dominates price volatility. If(

E[V n,b
1 ], nβE[V n,a

1 ]
)

n→∞→
(
Πb,V a

)
with Πb < 0 and V a ≥ 0,

T n,b
1 + ...+ T n,b

n

n
→ 1

λb
,

T n,a
1 + ...+ T n,a

n

n
→ 1

λa
,

n2 f̃n(n., n.)⇒ F̃ .

then (
Sb

[nt]

n
, t ≥ 0

)
⇒

(
λbΠb∫

R2 yF̃ (dx , dy)
t, t ≥ 0

)
.
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Conclusion

Limit order book may be modeled as queueing systems

Asymptotic methods(heavy traffic limit, Functional central limit
theorems) give analytical insights into link between higher and lower
frequency behavior, between order flow properties and price
dynamics.

General assumptions: finite second moment of order sizes, finite first
moment of quote durations and weak dependence, allows for
dependence in order arrival times and sizes

Allows for dependent order durations, dependence between order
size and durations, autocorrelation, ...

Explicit expression of probability transitions of the price

Distribution of the duration between consecutive price moves

Different regimes for price behavior depending on the correlation
between buy and sell order sizes

Expression of the volatility of the price as a function of orders flow
statistics
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